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System Function 

• Also called transfer function

• It is a function in �-domain that relates the input signal �[�] with 

the output signal �[�] where

� � = 	 �
 �
• Because � � holds the relationship between � � and � � , 

difference equation can be obtained from � �
• Difference equation is important in designing discrete system 

because it will be the last product before the system can be 

implemented into hardware. For Analog system, differential 

equation is obtained from Laplace transform before it is used to 

construct the analog circuit (R,L,C circuit).



Example 1

• Obtain difference equation for � � = ��
��
���
����.�
��

Solution:

• 																																																			� � = � 

� 


• 																																																				� 
� 
 		= 		
��
��

���
����.�
��

• 												 � 1 + 2��� + 0.5��� 		= 		
 � 1 + ���

• 	 � + 2���	 � + 0.5���	 � 		= 		
 � + ���
(�)



Example 1 (cont.)

• Using the delay property of �-transform, the difference equation is

• � � + 2� � − 1 + 0.5� � − 2 = � � + � � − 1

• � � = � � + � � − 1 − 2� � − 1 − 0.5� � − 2

• Note that the difference equation not only has the current and past 

input values but also past output value. In general, the difference 

equation can be written as

• ∑ "#� � − $ =%
#&� ∑ '#� � − $

(
#&� , 			 "* = 1



Example 1 (cont.)

• When the equation is transformed into �-domain, we obtain

	 � +"#��#	
%

#&�
= 
(�)+'#��#

(

#&�

	 �

 � = � � = ∑ '#��#(#&�

∑ "#��#%#&�

• Thus, in order to obtain difference equation from �(�), make sure 

the �(�) is in the form of above equation.



Example 2

• Find difference equation for � � = 
��
��
�� ���.�
�� 											

Solution:

• � � = 
��
���.�
����.�
��															

• � � = � 

� 


• 		 � 1 − 1.5��� + 0.5��� = 
 � ���
• 	 � − 1.5���	 � + 0.5���	 � = ���
 �
• � � − 1.5� � − 1 + 0.5� � − 2 = � � − 1



Example 3

• Find difference equation for ℎ � = 0.5-.[�]
Solution:

• 																											� � = �
���.�
��

• 																														�(
)�(
) =
�

���.�
��

• 				 � 1 − 0.5��� = 
(�)
• � � − 0.5� � − 1 = �[�]
• 																												� � = � � + 0.5�[� − 1]



Example 4

• Find difference equation for	ℎ � = [1	1	1	1	1	1	1	1	1	1]
Solution:

• a) Because this is an FIR system, convolution can be used to 

obtain the difference equation.

• � � = ∑ ℎ $ �[� − $]/#&�

• 									= ℎ 0 � � + ℎ 1 � � − 1 + ℎ 2 � � − 2 + ℎ 3 � � − 3 +
																		ℎ 4 � � − 4 + ℎ 5 � � − 5 + ℎ 6 � � − 6 +
																		ℎ 7 � � − 7 + ℎ 8 � � − 8 + ℎ 9 � � − 9



Example 4 (cont.)

• � � = � � + � � − 1 + � � − 2 + � � − 3 + � � − 4 +
																					� � − 5 + � � − 6 + � � − 7 + � � − 8 + �[� − 9]

• The sequence of the difference equation is too long. Let’s look at 

different technique.

• b)    Now, rearrange the equation, do z-transform and obtain the 

difference equation

• ℎ � = 1	1	1	1	1	1	1	1	1	1 = . � − .[� − 10]



Example 4 (cont.)

• � � = �
��
�� −


��6
��
��

• 										= ��
��6
��
��

•
�(
)
�(
) =

��
��6
��
��

• 	 � 1 − ��� = 
(�)(1 − ����)
• � � − � � − 1 = � � − �[� − 10]
• � � = � � − � � − 10 + �[� − 1] � The sequence is shorter.



Discrete System Realization

• After a filter is designed, it must be realized by developing a signal 

flow diagram that describes the filter in terms of operations on 

sample sequences.

• A given transfer function may be realized in many ways. Consider 

how a simple expression such as ax + bx + c could be evaluated –

one could also compute the equivalent x(a + b) + c.

• Specifically, some realizations are more efficient in terms of the 

number of operations or storage elements required for their 

implementation, and others provide advantages such as improved 

numerical stability and reduced round-off error.



Realization Symbols

������++



Discrete System Realization (cont.)

• In general, system function of a system is represents by

•
�(
)
�(
) = � � = %(
)

7(
) = �� � ��(�)

• Where 

• �� � = 8 � = '� + '���� + '���� +⋯+ '%��(

• �� � = �
7(
) =

�
:6�:�
���:�
���⋯�:;
�<

• By manipulating above equation, discrete system can be realized in 

several ways



FIR: Direct-Form Structure

• For FIR system, there will be no past and future output. Thus the 

system does not have ℎ�[�] where it can be represented by

� � = +ℎ $ �[� − $]
(

#&�

• Where ℎ � = ℎ�[�] and =+ 1 is the length of the ℎ[�]
• Based on above equation, there will be = number of addition and 

=+ 1 number of multiplication. Number of memory needed is =. 

The next figure shows the structure.



FIR: Direct-Form Structure

������ ������ ������

++ ++ ++ ++

ℎ[0] ℎ[1] ℎ[2] ℎ[= − 1] ℎ[=]

�[�]

�[�]



FIR: Direct-Form Structure (linear phase)

• For linear phase FIR system where ℎ[�] is always either symmetry 

or anti-symmetry

ℎ � = > ℎ = − � 								?@A	B�CD	E		"�F	B�CD	EE
−ℎ = − � 							?@A	B�CD	EEE	"�F	B�CD	EG

• Thus,

• � � = ∑ ℎ $ � $ + � � −= + $H#&�

• Where I = (
� for Type I and III (= even) and I = (��

� for Type II 

and IV (= odd).



FIR: Direct-Form Structure (linear phase)

• From the previous equation:

– The number of multiplications is reduced to =/2 for = even 

and to (= − 1)/2 for = odd compare to the previous general 

FIR system. 

– The number of addition and memory needed are similar which 

both are =.



FIR: Direct-Form Structure (linear phase)

������ ������ ������ ������ ������

������������������������������

++ ++ ++ ++

+++++++

ℎ[0] ℎ[1] ℎ[2]

�[�]

�[�] ℎ =2ℎ = − 22

FIR Linear Phase Type I and III realization



FIR: Direct-Form Structure (linear phase)

������ ������ ������ ������ ������

������������������������

++ ++ ++

++++++

++

ℎ[0] ℎ[1] ℎ[2]

�[�]

�[�] ℎ = − 12

FIR Linear Phase Type II and IV realization



IIR: Direct Form I

• The realization of the system is straight forward where input will go 

through �� � first and then the �� �
• 	 � = K � �� � 			@A				� � = L � − "�� � − 1 −⋯− "(�[� − 8]
• Where

• K � = 
 � �� � 			@A		L � = '�� � + '�� � − 1 +⋯+ '%�[� −=]

ℎ�[�]ℎ�[�] ℎ�[�]ℎ�[�]



IIR: Direct Form I

• Number of 

operation and 

memory:

– Addition:          

=+8
– Multiplication: 

=+8 + 1
– Memory:          

=+8
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All-zeros system All-poles system



IIR: Direct Form II

• For Direct Form II, input sequence will go through ℎ�[�] first and then ℎ�[�]
• 	 � = K � �� � 			@A		� � = '�L � + '�L � − 1 +⋯+ '%L[� −=]
• Where

• K � = 
 � �� � 			@A			L � = � � − "�L � − 1 −⋯− "(L[� − 8]

ℎ�[�]ℎ�[�] ℎ�[�]ℎ�[�]



IIR: Direct Form II

• Number of operation 

and memory:

– Addition:   

=+8
– Multiplication: 

=+8+ 1
– Memory:

=	@A	8
whichever is 

higher

������

������

������

+ +

+ +

+ +

+ +

'�

'�

'�

−"�

−"�

−"%��

−"%

'(��

'(

�[�] �[�]



IIR: Transpose Direct Form II

• In this form, the difference equation is rearranged so that current 

input will be at the right hand side of the equation instead of the 

current output as seen in the previous two forms.

• From figure above, this realization seems to be similar to the Direct 

Form I where � � will go through ℎ�[�] first and then ��[�]. 
However the structure is different as shown in the next figure.

ℎ�[�]ℎ�[�] ℎ�[�]ℎ�[�]



IIR: Transpose Direct Form II

• Number of operation and 

memory:

– Addition:                

=+ 1		@A		8 + 1
whichever is higher

– Multiplication: 

=+8+ 1
– Memory:           

=	@A	8
whichever is higher
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IIR: Transpose Direct Form II (cont.)

• When = = 8, the mathematical manipulation of this system is as 

follow 

• � � = '�� � + L� � − 1
• L# � = L#�� � − 1 + '#� � − "#� � , 									$ = 1, 2,… ,8 − 1
• L% � = '%� � − "%�[�]

• If = > 8, weight "%��	P@	"( are equals to zero.

• Otherwise, if 8 > =, weight '(��	P@	'% are equals to zero.
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