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DTFT Properties

Property h(n] H(w)
Linear ahy[n] + bhyy aH;(w) + bH, (w)
Time-shifting hln —ny] e /M H (w)
Frequency-shifting el@omhn] H(w — wy)
Time-reversal h|—n] H(-w)
Differentiation nhin] j (dH (w))
dw
Convolution hy[n] * hy[n] H; (w)Hz (w)

Multiplication hy[n]hy[n] Hy(w) * Hy(w)
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Symmetry Properties

e By substituting e /“™ = cos(wn) — jsin(wn) into FT formulation,
the real and imaginary part of the transform can be separated.

H(w) = X5-_oh[n]e™ /"

= Xin=-o|h|n] cos(wn) — jh[n] sin(wn)]

Hy (@) = Z h[n] cos(wn)

n=—oo

H(w) = - Z h[n]sin(wn)

n=—oo
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Symmetry Properties (cont.)

e Since cos(wn) = cos(—wn) and sin(wn) = —sin(—wn), thus, it

follows that

Hp(w) = Hr(—w), (even)
Hi(w) = —H;(-w), (odd)

or H*(w) = H(—w)

e The magnitude and phase spectra also follows that

|H(w)| = |H(—w)], (even)
/H(w) = —2H(—w),  (odd)
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Symmetry Properties (cont.)
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Symmetry Properties (cont.)

X(w) =X"(—w)
Any real signal Xp(w) = Xp(—w)
X1(w) = —X;(—~w)

X ()] = [X(-w)|
(X (w) = —2X(—w)

x[n]

Real and even signal

x[n] = x[-n] X(w) = Xp(w) = x[0] + 2 ;x[n] cos(wn)

Real and odd signal

X(w) =X (w) = —j2 z x[n]sin(wn)
n=1

x[n] = —x[—n]
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Example 1

 Find H(w), |H(w)|, £H(w) and |[H(w)|45 for:

hin] = 28[n + 2] + 28[n — 2]

Solution:

e h|n]isreal and even, thus:

* H(w) = h|0]+ 2) -1 h[n]cos(wn)
=0+2Y2_,h[n]cos(wn)

= 4cos(2w)

®UTM
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Example 1 (cont.)

* |H(w)| = |4 cos(2w)|

mif Hw) <0

. LH(w)=tan_1( 0 )= <2,

4 cos(Qw)

{ 0if Hw) =0

* [H(w)lap = 20log;o |4cos(2w)|
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Example 2

* Find H(w), |H(w)|, £H(w) and |H(w)| 45 for:

hin] = 26[n + 2] — 28[n — 2]

Solution:

e h|n]isreal and odd, thus:

* H(w) = —j2 Xpzq hn]sin(wn)
= —j2 X7=2 h[n] sin(wn)

= —j4sin(2w)

®UTM
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Example 2 (cont.)

* |H(w)| = [4sin(2w)|

e sH(w) =tan™! (_4 Sin(zw))

0

_(—n/2  ifw>0
_{ /2 if w<0

* [H(w)lap = 20log;o [4sin(Zw)|
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Frequency Response related to
Poles and Zeros

Because frequency response for LTI system is symmetry, poles and
zeros will exist as a conjugate pair on the z-plane.

Thus, when there is a pole/zero at z = re’®, there will also be a
pole/zeroat z = re /%,

When the poles/zeros are real (w = 0 or m,z = 1), there will be no
pair
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Poles and Zeros Conjugate
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Freq. Response for a Pair of Poles

System function when only a pair of poles exist is

e H(z)= (1—rej92_1)21_re_j92_1)

. Aq Ay
T 1-refbz-1 ' 1_ye—Jjbz-1

Imaginary Part

Real Part
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Freq. Response for a Pair of Poles

As z = e/

Aq Ay
1—-relbe—Jjw 1-re~JjPe—Jjw

H(w) =

_ Aq Ay
o 1—re—J(w—06) 1-re—Jj(w+06)

Based on the equation, H(w) is maximum when w = 6 and
w = —0, where e /(@=0) gnd ¢ J(@+0) hocomes 1.

For both causal and stable system, 0 < r < 1. Within this range,
max[H (w)] will increase when r increases as shown as follow.



Freq. Response for a Pair of Poles
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Frequency response for a pair of poles with 8 = 0.3 across various
values of r
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Example 3

Plot |H(w)| for h|n] = 2 cos(w,n) u[n]

Solution:

© H(w) =Y o(e/@om + e J@on)g—Jon
=YY%, eJwong—jon 4 ¥, p—Jwon p—jwn
=Yy>, e~ J(w—wo)n Y, e~ J(@+woIn

1 1

T 1—e-j@-wg) ' 1—e—Jj(@+wp)

UTM
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Example 3 (cont.)

e Whenw = wy or —w,, H(w) = . Thus, use Hospital’s rule. Then,
we obtain

|H(w)| = 6w — wg] + 8w + wy].

[ H(w)]
A
| | >~
-7t -0, 0 w, 7w L R b

-1 -0.5 0 0.5 1
Real Part
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Example 4

Plot |H(w)| for h[n] = 0.5™u[n]

Solution:
1
* H(Z) - 1-0.5z"1
1
* Hw) = 1-0.5e /@

e lthaslpoleatz=05and1zeroatz=0

e H(w) is maximum whenw = 0

1
* H(w)lmax = 757 = 2
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Example 4 (cont.)
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Freq. Response for a Pair of Zeros

e System function when only a pair of zeros exist is

H(z)=(1—relz71)(1—re 19z71)
H(w) = (1—-relfe /@) (1 —re/fe®)

= (1 —re/(@=0))(1 - re/(@*)

e H(w) is minimum when:

w = 6 and whenw = —6



Freq. Response for a Pair of Zeros

IH(w)|
IH(w)|

w (Trrad)

Frequency response for a pair of zeros with 6 = 0.4 across
various values of 0 = 0.4



Example 5

* h[n]=1[10.50.25]
T

Solution:
e h|n] =6[n]+0.56[n—1+ 0.256[n — 2]
e H(z)=1+0.5z"1+0.25z72
=1 —-az )1 -bz™1)
e a=025+;0433 =055, b=0.25-0.433 = 0.5¢7/6°°

+ H(z)=(1-0.5¢/%0")(1 - 0.5e7/6°")
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Example 5 (cont.)

-1 -0.5 0 0.5 1
Real Part

¢ H(w)=(1-05e/%"e=/®)(1—0.5¢7/62 ¢ /@)

= (1 — 0.5e7/(@760°))(1 — 0.5~/ (@+60°))
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Example 5 (cont.)

* H(w) is minimum when w = 600/§orw = —600/—§

e H(60°) = H(w)|ms = (1 — 0.5)(1.2500 + j0.4330)

= 0.6250 + j0.2165
e |H(60°)| = 0.6614

1.2+

[H(w)|

0.6614

! ! 1 | !
-pi -pi/2 -pi/3 0 pi/3 pi/2 pi
w (rad)
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Example 6

e H[n] =u[n] —u[n-2]

Solution: N
e h[n] =un] —uln—2] osl
= 6[n] + 6[n — 1] % ol I
e Hz)=1+2z"1 g
-0.5+
e Hw)=1+e @
-
e lthaslzeroatz = —1 1 05 0 05 1

Real Part

and 1 poleatz =0
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Example 6 (cont.)

e H(w)isminimumatw =mn

o H)lmin=H(@) =1+e /"
=1+ cos(m) ol
=1+(-1)=0 31

e H(w)ismaximumatw =0 05/

¢ H(W)|max =HO)=1+¢"° .

-pi -pil2 0
w (rad)

=1+1=2




Imaginary Part
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Freq. Response for Multiple Pairs
of Poles and Zeros

e Ateach pole, |H(w)| goes towards infinity, at each zero, |H (w)|
goes towards zero

Real Part
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Example 7

e Poles: 0.8¢/3%° 0.8¢7/39° 0.8¢/60° (0.8¢7/60°

o Zeros: e/120%, g7J120° £j150° 5 —j150°

1t 1 90

A2 80
g 70+

0.5} o

/ 60 -

50}

40 -

Imaginary Part
o
[H(co)l

/
\\ X // 30+
0.5t Q y ]
) 20+

O 101

t ! ! ! I O | |
-1 -0.5 0 0.5 1 -180 -180 -120
Real Part w (degree)
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Example 7 (cont.)

|H("°)|db

-80 } | | | | | | | |
-180 -150  -120 -60 -30 0 30 60 120 150 180
w (degree)

Magnitude in db
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