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Elastic Curve

e The deflection diagram of the longitudinal axis that passes
through the centroid of each cross-sectional area of the
beam is called the elastic curve, which is characterized by
the deflection and slope along the curve
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Elastic Curve

e Moment-curvature relationship:
— Sign convention:

A M (, <)+M B (.A ‘) M

Positive internal moment Negative internal moment
concave upwards concave downwards
P: P2 P
B
M
(a) A ﬁ) (a) A #‘: )
y ‘ y
(b) X (b)
Moment diagram X
Moment diagram
© =" © P
AAJ./* C\ E A W c
A Inflection point Inflection point
Blastic ourve Elastic curve
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Elastic Curve

e = (ds’ — ds)/ds

ds = dx = pdB (a)
ds’ = (p-y) d6 1
e=[(p—y)dB—pdB ]/ (pd6) —%Jé&f
i __¢ (b) ¢
P y
i W i
e=0/Eando=-My/l el e
1 M 1 > MGI -dx)M
Or e Before deformation After .deformation

p EIl  p E
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Slope and Displacement by Integration

Kinematic relationship:

1 d?v/dv?

P [1+ (dv/ dx)ZT/2

Moment curvature equation:

M 1 d?v/dx* d®v

— — ~/

B 1y [ 9



Slope and Displacement by Integration

* Sign convention:

(a) ® o (©) o v
_tw |
e Ny +p
*P  Elastic curve Elastic curve +p
N/
M ( T l )+M = db d > ds
+V +V +dv T ' b_ ) == T dv
+v_L N x +v
+x bdx - Fdxt— +x —

Positive sign convention Positive sign convention Positive sign convention



Slope and Displacement by Integration

e Boundary Conditions:

— The integration constants can be determined by
imposing the boundary conditions, or

— Continuity condition at specific locations

1 3
.
A=0 A=0
M=0 M=0 A=0 A=0
Pin Roller Pin
6 7
g
=0 V=0
A=0 M=0 M=0

Fixed end Free end Internal pin or hinge



ocw.utm.my @UTM
Example 1

The cantilevered beam shown below is subjected to a vertical load P
at its end. Determine the equation of the elastic curve. El is constant.

(@ v

0, Elastic curve
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Example 1 (cont.)

Solutions

(b)

L

X

l
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Example 1 (cont.)

Solutions
e dv/dx=0atx=Landv=0atx=L

2
O:—P;' +C,
3
O:—i+(31L+C2
6
2 3
=C, = PL and CZ:—%

e Substituting C1 and C2

P
QZE(LZ —x2)

P 3 2 3
Vv=—-|-X"+3L°Xx-2L Ans
6EI( ) ( )
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Example 1 (cont.)

Solutions

e Maximum slope and displacement occur at A(x =0),

PL
0, = 4
= (4)
PL°
Vy=—— (5
A= T3E (5)

e vyield stress is 250 MPa; E = 200 kN/mm?; | = 84.4 X 10® mm?*

_30(5)*(1000)°
" 2[200]j84.4(10°

~30(5)°(1000)°
' = 320044108

-=0.0222 rad
)

)J =—74.1mm
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Example 2

The simply supported beam shown below supports the triangular
distributed loading. Determine its maximum deflection. El is constant.




Solutions
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Example 2 (cont.)

0<x<L/2
W:ZWOX
L
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Example 2 (cont.)

Solutions

v=0,x=0 and dv/dx=0,x=L/2

5w,
' 192 ' 7
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Example 2 (cont.)

Solutions

W WL 5w, >
0 X5+ 0 X3 0

Elv=— —
60L 24 192

X

e Maximum deflection at x = L/2,
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Use of Continuous Functions

Macaulay functions
Loading Loading Function  gpear = [ywijdx ~ Moment M = [V dx
W = w(x)
1
Mo 1
e ——— w=M(x-a)?  v=Myx-a) M =M,(x-a)°
e
2

P
_L_ w =P (x-a)” v=P (x-a)’ M =P (x-a)!

w w=W, (x-a)° V=W, (x-a) ! = \%" (x-a)°

w=m (x-a)! V=5 (x-a)’ M =% (x—a)3
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Use of Continuous Functions

Macaulay functions

(x-a)" =

0 forx<a
(x—a)" forx>a
n=a

Integration of Macaulay functions:

n+1
j<x—a>”dx= (x-2) +C
n+1



Use of Continuous Functions

. Singularity Functions:

€
/T P
wzi A
€ . 0 forx#a
( : F w:P<x—a> =
| P forx=a
a | a
€
-
2
- P _M
v €? Mo
Y
—x—-l w— P Mo \ ) 5 10 forx#a
€ e X W:M(,<x—a> =
4 & ] M, forx=a

m_1
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Use of Continuous Functions
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Example 3

Determine the maximum deflection of the beam shown below. El is
constant.

@) g

C
10 my ~ 20 m -




Solutions

(b)
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Example 3 (cont.)

8 kN
120 kN.m

I 6 kN 2 kN

-—-10m—| ‘

30m

w=—8(X - O>_1 +6(X —1O>_1



Solutions
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Example 3 (cont.)

V =-8(x—0) +6(x—10)’

M =-8(x—0) +6(x~10)"
= (—8x+ 6<x—10>l)kN .m

d°v
El W_—E;H(x—lo}1
dv
Bl =4’ +3(x-10)" +C,

Elv= —%Xg +(x-10)’ +C,x+C, (1)
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Example 3 (cont.)

Solutions

e v=0atx=10mandatx =30m,

0=-1333+(10-10)° + C,(10)+C,
0=-36000+(30-10)’ +C,(30)+C,
= C, =1333and C, = —12000

El % = —4x* +3(x-10)° +1333 (2)
X

Elv = —% x®+(x~10) +1333x-12000 (3)
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Example 3 (cont.)

Solutions

VC :-% kNrT]3

0=—x2 +3(x, —10)" +1333
X2 +60x, —1633=0
Solving for the positive root, X, =203 m



Solutions

Elv,

Vo

ocw.utm.my

Example 3 (cont.)

= _%(20.3)3 +(20.3-10)’ +1333(20.3)-12000

5006 |\ 13
E|
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Example 4

Determine the equation of the elastic curve for the cantilevered
beam shown below. El is constant.

d
( ) 8 kN/m 1ZleN




ocwatmamy ®UIM
Example 4 (cont.)

Solutions

(b) 12 kN
258 kN.m 8 kKN/m

(

w=-52(x—0)" +258(x—0)" +(x—0)" ~50(x~5)" —8(x~5)
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Example 4 (cont.)

Solutions

dV/dx = —w(x)and dM /dx =V

V =52(x~0)’ ~258(x~0) " ~8(x—0) +50({x~5) " +8(x~5)’

M =-258(x~0) +52(x~ O>1—%(8)<x—0>2+50<x—5>0 +%(8)<x— )

~(-258+52¢-4¢ +50(x-5)"|-+4{x-5}" kN-m

EI%:—258+52x 4x* +50(x~5) +4(x~5)’

E1 YV~ o5gx+26x2 2 +50(x—5) + 2(x—5)" +.C,
dx 3 3

Elv=-129x° +?X3 —%x“ +25<x—5>2 +%<x—5>4 +Cx+C,

®©UIM
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Example 4 (cont.)

Solutions

e dv/dx=0,x=0,C1=0;andv=0,C2=0

V :i(—129x2 +§x3 —Ex4 +25<x—5>2 +—<x—5>4j m
El 3 3
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Moment Area Method
Theorem 1;
EIM— g 9 (dyjz M
dx? dx \ dx
e O=dv/dx, so

dé’z(dex
El

Y
El

e Therefore,

HB/A

>'—-.CD
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Moment Area Method -

Theorem 1 (cont.):
e This equation forms the basis for the first moment-area
theorem

(a)

tan B

Elastic curve




- oowutmmy ®Uur

Moment Area Method

Theorem 2:

A B
dx

M
El
(a) tan A X _e (b)
Lo 1A B =&
Lap {dt{‘ -
tan B—1  do AL, B *
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Moment Area Method

Theorem 2 (cont.):

%AWBA
B M tan B— i tan A
A El (c) M
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Example 5

Determine the slope of the beam shown below at point B. El is
constant.

(a) P
A
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Example 5 (cont.)

Solutions
(b)

M
EII

L
_PL
EI
PL L) 1 PL \(L 3PL?
=== |55 5= | 5 1=
2EI )\ 2 ) 2\ 2El )\ 2 8El

1 PL PL?
HCZQC/AZ_( jl—z

‘98 :gB/A ‘9C :‘90/A

2\ 2E1 ) 2EI
(¢

tan 4

tan B
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Example 6

Determine the displacement of points B and C of the beam shown
below. El is constant.

(a)




Solutions

ocw.utm.my

Example 6 (cont.

L.
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Example 6 (cont.)

Solutions
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Example 7

The beam is subjected to the distributed loading shown below.
Determine the reaction at A. El is constant.

(a) Wo

— . J




Example 7 (cont.)

Solutions
(b) Lw,L
1 ¥ 2 ,,,,,,,, 1B
M = X=——Woy— T Y i?;
L Ar"‘-'— ' B
b o™
d?v 1 x° A
El = =AX—2W,
dx? A 6 ° L
4 C 1., X
g _Lae 1y X ¢ & e )
dx 2 24 ° L * {"' .
EIv=£AyX3— L 5+Cx+C + i ‘l)M
120 ° T T————LJ v
A,
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Example 7 (cont.)

Solutions

e boundary conditions:x=0andv=0;x=L,dv/dx=0;andx=L,v=0.

X=0, v=0; 0=0-0+0+C,

dv 1. ., 1 3
X=L, dX_O, O_ZAyL 24W0L—|—C1
x=L, v=0; O=EAVL3—LW L* +C,L+C
T 6 120 ° T °
1
SRET AL
L 3
C,=——wL C,=0



Use of the Method of Superposition

(a) P
A B
g | ¥ ==
bl | 7 1
Actual beam
(b) I
P
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Example 8

Determine the reactions at the roller support B of the beam below,
then draw the shear and moment diagrams. El is constant.

(a)

|— 15m —EkN 6 kN/m
X2TTTXTALTETETIT

A Ji'B
- i :

Actual beam
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Example 8 (cont.)

Solutions
(@) 8kN
' j— il s} 6 KN/m
0=V, vy () Snim iz
A B
: Im ;
Actual beam
_wL' 5PL® _8325kN-m’ I
5 = —
8EI  48El El o) -
p|° (9 m3) B — 6 kN/m
V'B _ _ y
3E| EI A ]:VB
I 3m {B

Redundant By removed

() + B
IV ’B
| 3m | B,

Only redundant By applied



=
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Example 8 (cont.)

Solutions
6 kN/m
0 83.25 9B,
El El (I
B. =9.25kN '
’ ‘T (kN)
16.75

7.75 %Gt
1.5 9.25
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Example 10

Determine the moment at B for the beam shown below. El is
constant. Neglect the effects of axial load.

@ 9 kN/m

2 ———ef—— 2m

Actual beam



Solutions
9 kN/m
YYevvvy
(@) 4 B
2m = 2m
O = 98 — 9 “B (1) Actual beam
B C I
O=vg+V'g+V'; (2)
9 kN/m
(b) 4 I 2m /| :Zm JLVB
T | 7
B B
Redundants Mz and By removed
+ B,

- oowutmmy
Example 10 (cont.)

}
(c) 4 mvﬁ

—— 4m — —— B0
Only redundant By applied
_I_

Ms
@ Ri
— —B*%

4m

Only redundant Mz applied
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Example 10 (cont.)

Solutions
wl® 12KkN-m?®
0, = =
A8E] El
oo WL 42KkN-m’
°  384E| El
2 8B
0. - PL® _8B,
2El  El
. PL® 21.33B,
Vg = =
3EI El
0" - ML _4M,
El El
. ML* 8M,
V' = =



Solutions
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Example 10 (cont.)

0=12+8B, +4M,
0=42+21.33B, +8M,

B, =3.375 kN
M, =3.75kN-m
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Use of the Moment-Area Method

Procedures:
(@) (b)
4 kN/m M (kN.m)
13kN
(T x(m)
A
58 kN.m 2m —+—2m
I
SKN 4 kN/m
2 4
(T % p—" = il
-8
Sk |~ 2m—
N +
M (kN.m)
30 kN.m 2 4
( H =
soim I — 20— -30-
+
+ 5kN M (kN.m)
SkN
2 4
(T F ?" =)
A 3
20kN.m ! 4 | “

Superposition of loadings Superposition of moment diagrams
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Example 11

The beam is subjected to the concentrated force below. Determine
the reactions at the supports. E/l is constant.

(a) P




Solutions

- oowutmmy
Example 11 (cont.)

2L
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Example 11 (cont.)

Solutions
w3 35 ([T G EE o)
B, =2.5P
>F=0  A=0
> F, =0 ~A +25P-P=0= A =15P

M, =0; ~M, +25P(L)=P(2L)=0= M, =0.5PL
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