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Introduction

* Any deformable material (ie. Rubber) tend to
distort/deform when subjected to a bending
moment.

* All bending moment induce bending stress and all
shear forces induce shear stress.

Horizontal lines
become curved (

Vertical lines remain straight, yet rotate

Before deformation After deformation
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Introduction

 Any deformable bar subjected to a bending moment
causes the material within the bottom portion
undergo stretches (tension) and the top portion
undergo compression.

 The region in between the tension and compression
lies the neutral surface, which the material do not
undergo changes in length. —

symmetry  y

7 Neutral
surface

Longitudinal axis
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Introduction

e Several assumptions:

— The longitudinal axis x, which lies within the neutral
surface does not experience any change in length.

— All cross sections of the beam remain plane and
perpendicular to the longitudinal axis during the
deformation.

— Any deformation of the cross section within its own plane
will be neglected.

— The axis lying in the plane of the cross section and about
which the cross section rotates is called the neutral axis.

— The material is homogeneous, with same cross sectional
area along the length and constant Elastic Modulus (E).
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Introduction

Longitudinal strain varies linearly from zero at the
neutral axis.

Hooke’s law applies when material is homogeneous.

Neutral axis passes through the centroid of the cross-
sectional area for linear-elastic material.

(a) d

_~Neutral axis

B "~ Neutral
x— surface




Bending Deformation

Normal Strain:

£ = AS'_AS ¥ ! AS - Ax
As longitu_dinal Y |
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y Undeformed element
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Normal strain distribution Deformed element



Bending Deformation

e Resultant moment on the cross section is equal to
the moment produced by the linear normal stress
distribution about the neutral axis.

(b)

y
O-max ‘
O-

'
x —
|

Bending stress variation Normal strain variation Bending stress variation
(profile view) (profile view)
o = normal stress in the member
My M = resultant internal moment
O =— I = moment of inertia

I y = perpendicular distance from the neutral axis



Example 1

Determine the maximum bending stress in beam AB as
shown in the figure and draw the stress distribution
over the cross section at this location.

50 kN

60
| —
A
ﬁ | & . 200
| I
3m |

| om A




ocw.utm.my

Example 1 (cont.)

Solution:
50 kN
| l |
A 4 4B

I |

R, 2m 3m Ry
By taking the moment at A,
XM, =0 IR, =0 XF =0
—Rgx5+50%x2=0 R,+Rg =50 Ri =

Ry =20 kN R, =50-20
R, =30kN

®©UIM
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Example 1 (cont.)

Solution:
50 kN

| l |
AF > < >TB

30kN 27 20 kN
2

3m
30 30
0 “
0 20
BMD v

60
]



Example 1 (cont.)

Solution:

M__ =60 kNm (occurred at 2m from point A)
| = bh3/12 =60 X 2003 /12 =40 X 10°* mm*

0. =My/l=(60 X 10° X 100)/ (40 X 106) = 150
N/mm?

150 N/mm? (compression)

150 N/mm? (tension)



Example 2

Determine the maximum bending stress in beam AB as
shown in the figure and draw the stress distribution
over the cross section at this location.

60
«—>

5 kN/m

ARRRARARRRARRARARRARAY!

4m |
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Example 2 (cont.)

Solution

4m
RAy RBy
By taking the moment at A,
M, =0 Xk, =0 XF, =0
—Rgx4+5%x4x4/2=0 R,+Rg=5x4 Rux =
Rg=10 kN R,=20-10

R,=10kN



Solution (cont.)
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Example 2 (cont.)




Example 2 (cont.)

Solution:

M__ =10 kNm (occurred at 2m from point A)

m
| =bh3/12 =60 X 2003 /12 =40 X 10° mm*
0. =My/I=(10 X 10° X 100) /(40 X 106) = 25
N/mm?

25 N/mm? (compression)

25 N/mm? (tension)



Example 3

Determine the maximum bending stress in beam AB as
shown in the figure and draw the stress distribution
over the cross section at this location.

75 kN 150

€«

10 KN/m

|
RARRARRRARARRRARRRARAAN
LY .- D5,

< > € >
3m 2m
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Example 3 (cont.)

Solution 75 KN

10 kN/m |

A“HHH”HH|||||||||||B F, =0
RAx_> RAX_

3m 2m
RAy RBy
By taking the moment at A,
M, =0 XF,=0
—Rgx5+10x5%x5/2 +75%x3=0 R,tRg=10x5+75
Rz=70 kN R,=125-70

R, =55kN
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Example 3 (cont.)

. 75 kN
Solution (cont.)
10 kN/m

A LYYV B
* - ]

3m 2m

55 kN 70 kN

55 kN

AR B
SFD
50 kN

70 kN
BMD e
e

120 KNm




Example 3 (cont.)

Solution:

M__. =120 kNm (occurred at 3m from point A)
| = bh3/12 =150 X 375%/12=6.59 X 10® mm?*

Gmax

(above) =-My /I1=-(120 X 10° X 187.5)/(6.59 X 108)

=-34.14 N/mm?

150
«—> 34.14 N/mm? (compression)

375

34.14 N/mm? (tension)



Example 4

Determine the maximum bending stress in beam AB as
shown in the figure and draw the stress distribution
over the cross section at this location.

75 kN

10 kN/m ‘ e
P Y ] =
% e % 150
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Example 4 (cont.)

Solution 75 KN

10 kN/m |

A“HHH”HH|||||||||||B F, =0
RAx_> RAX_

3m 2m
RAy RBy
By taking the moment at A,
M, =0 XF,=0
—Rgx5+10x5%x5/2 +75%x3=0 R,tRg=10x5+75
Rz=70 kN R,=125-70

R, =55kN
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Example 4 (cont.)

. 75 kN
Solution (cont.)
10 kN/m

A LYYV B
* - ]

3m 2m

55 kN 70 kN

55 kN

AR B
SFD
50 kN

70 kN
BMD e
e

120 KNm
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Example 4 (cont.)

Solution:

Determine the centroid location:
Area 1: 175 X 50 = 8750 mm?
Area 2: 150 x 50 = 7500 mm?

Moment at a — a:

2AY, = ALy, + Ay,

2A.y, =8750 X 25 + 7500 x 125
y, = 1156250/ (8750 + 7500) = 71.15 mm
Yy, = (150 + 50) — 71.15 = 128.85 mm
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Example 4 (cont.)

Solution:

M. ., = 120 kNm (occurred at 3m from point A)
| = 3bh3/12 + Ay?
=175 X 503 /12 + 8750 X 46.15%+ 50 X 1503 /12 + 7500 X 53.85%
=20.46 X 10°+ 35.81 X 106mm?*
=56.27 X 108 mm?*
O, (above)=-My /I
=- (120 X 106 X 71.15)/(56.27 X 106)
=-151.73 N/mm?
O, (below) =-My /|
=- (120 X 10° X (- 128.85)) / (56.27 X 106)
=274.78 N/mm?
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Example 4 (cont.)

Solution:

151.73 N/mm? (compression)

128.85

4
274.78 N/mm? (tension)




Example 5

Determine the maximum compressive and tensile
stress in beam AB as shown in the figure and draw the
stress distribution over the cross section at this location.

50 kN 50 kN 150
25 KN/m I l A

P T | -
LY - =2

< > € >
om

150

<€<—>€

500
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Example 5 (cont.)

Solution 50 kN 50 kN

25 kN/m I
HI T 6 l e
> — "

5m om

A

RAy RBY
By taking the moment at A,
M, =0 Xk, =0
—Rgx10+25%x10x10/2 +50x5+50x14=0 R,+Rg=25x10+50+50
Rz =220 kN R,=350-220

R, =130 kN
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Example 5 (cont.)

Solution (cont.) 50 kN 50 kN

25 kN/m | |
p TV T YT YYY l
* >

220 kN 4™

5m

50 kN

SFD

70 kN
200 KNm

BMD
0 0

337.5 kNm
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Example 5 (cont.)

Solution:

Determine the centroid location:
Area 1: 450 X 150 = 67500 mm?
Area 2: 150 x 500 = 75000 mm?

Moment at a — a:

2AY, = ALy, + Ay,
2A.y, =67500 X 225 + 75000 x 525
y, = 54562500 / (67500 + 75000) = 382.89 mm
Yy, = (450 + 150) —382.89 = 217.11 mm




Example (cont.)

Solution:

Second Moment of Area:
| =3bh3/12 + Ay?
=150 X 4503 /12 + 67500 X 157.892+ 500 X 1503 /12 +
75000 X 142.112
=28.22 X 10®+16.55 X 108mm* _
=44.77 X 108 mm*
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Example (cont.)

Solution:

M_ .. =335 kNm (occurred at 5m from point A)

O max (above) ~ ~ My/ I
=- (335 X 106 X 382.89)/(44.77 X 108)
=-28.65 N/mm?

O max (below) =~ MY /|

=-(335 X 108 X (-217.11))/ (44.77 X 108)
= 16.24 N/mm?
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Example 5 (cont.)

Solution:
M__ =-200kNm (occurred at support B)

O max (above) = ~ My/ |
- ((- 200 X 106) X 382.89) / (44.77 X 108)
= 17.10 N/mm?

O max (below) = ~ My/ |
=-((-200 X 10°) X (-217.11))/ (44.77 X 108)
=-9.70 N/mm?
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Example 5 (cont.)

Solutiop: M = 335 kNm M = -200 kNm
16.37 N/mm? 17.10 N/mm?
: (compression) (tension)

28.86 N/mm? 9.70 N/mm?
(tension) (compression)
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Shear in Straight Members

« Ashear, V can induce non-uniform shear-strain
distribution over the cross section and the
relationship is given by:

V =dM /dx

Transverse
shear stress

-
AN Longitudnal r
-~ shear stress .

(a) Before deformation (b) After deformation




Shear in Straight Members

The transverse shear stress on the beam’s
cross-sectional area can be obtained by using:

_VQ

T =
It T = the shear stress in the member

_ A V = internal resultant shear force
where Q N .[ ydA - y A I = moment of inertia of the entire cross-
A sectional area

t = width of the member’s cross-sectional

arca
GE &

o I S I\
y P

Three-dimensional view Profile view
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Shear Stresses in Beams

* For rectangular cross section, shear stress varies
parabolically with depth and maximum shear stress
is along the neutral axis, and the formula can be

simplified as:
P T .= 1.5!

(b)

Shear-stress distribution




Example 6

Determine the maximum shear stress in beam AB at
1m from support A and draw the stress distribution
over the cross section at every 25mm interval.

60
«—>

5 kN/m

ARRRARARRRARRARARRARAY!

4m |
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Example 6 (cont.)

Solution

4m
RAy RBy
By taking the moment at A,
M, =0 Xk, =0 XF, =0
—Rgx4+5%x4x4/2=0 R,+Rg=5x4 Rux =
Rg=10 kN R,=20-10

R,=10kN



Solution (cont.)
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Example 6 (cont.)




Example 6 (cont.)

Solution:
Vi,=5 kN
| =bh3/12 =60 X 2003 /12 =40 X 10° mm*
60 A =60 X 25=1500 mm?
<>
1 y =100-(25/2) = 87.5 mm
200 y 3
------ - A Tl _ VAy _ SXIO X156OOX87°5 _ 0273N/mm2
It 40x10° x 60
60 A =60 X 50=3000 mm?
<>

y 3
_ VAy _ 5x10°x3000x75  0.469N/mm’

y =100-(50/2) =75 mm

It 40x10° x 60



Solution:
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Example 6 (cont.)

A =60 X 75 =4500 mm?
y =100-(75/2) =62.5 mm
_VAy 5x10° x4500% 62.5

7, -
It 40x10° x 60

A =60 X 100 = 6000 mm?

y = 100 — (100/2) = 50 mm

. :ﬂ: 5%10° x 6000x 50
S | 40%10° x 60

= 0.586N/mm”*

= 0.625N/mm”*
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Solution:
<€ 60 > 0 N/mm?
. T _
25), 0.273 N/mm?
25}, 0.469 N/mm?
25 0.586 N/mm?2
25 2
200 f _______________ 0.625 N/mm
v BRAE O P |

0 N/mm?2

= 0.625 N/mm?
=1.5V/A=1.5x10x103/12000 =1.25 N/mm?

When V =5kN, T, .,
When V=10kN, t

max
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Example 7

Determine the shear stress distribution over the cross
section at A, B, C and D as shown in the figure. Given V
=25 kN and / = 4008 cm?.

260.4] -




Example 7 (cont.)

Solution:
7,=0

A=102.1 X 10 = 1021 mm?
y = (260.4/2) — (10/2) = 125.2 mm
~VAy 25x10°x1021x125.2

Tg = - =0.781N/mm”
It 40.08x10° x102.1
A=102.1 X 10=1021 mm?
y =(260.4/2)—(10/2) = 125.2 mm
3
. :VAy _ 25x10° x1021x125.2 19 458N/mm?

It 40.08x10° x 6.4



Th
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Example 7 (cont.)

Solution:
7,=0

A, =102.1 X 10 = 1021 mm?
Sy vy, = (260.4/2 = 10/2) = 125.2 mm

A, = (260.4/2 —10) X 6.4 = 769.28 mm?
y, = (260.4/2 — 10)/2 = 60.1 mm

CVIAY,  25x10°x(1021x125.2+769.28x60.1)

It 40.08x10° x 6.4

®UIM

=16.964N/mm”



Solution:

260.4

<€

- oowutmmy
Example 7 (cont.)

102.1




Example 8

Determine the shear stress distribution over the cross
section at A, B, C, D, E and F as shown in the figure.
Given V = 25 kN.

160
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Example 8 (cont.)

Solution:

Determine the centroid,
Total Area, A=100 X 10 + 150 X 10 = 2500 mm?
~ (100x10)(10/2)+(10x150)(150/2+10)
Ya = 2500
y, =53mm o3

y, =160—53=107mm

| =bh*/12+ Ay 107
| =100x10° /12+100x10x(53-=5)°

+10x150° /12+10x150%(150/2+10—-53)*
| =2.31x10° +4.35%10° = 6.66x10°mm*




Solution:
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Example 8 (cont

T,=7 =0

Y

Y

A =100 X 10 =1000 mm?
y=(53-10/2) =48 mm
_VAy 25x10° x100x10x 48

L IRT 6.66x10°
66x10° %100

A =100 X 10 =1000 mm?
y=(53-10/2) =48 mm
_VAy_25><103><100><10><48
It 6.66x10°x10

Tc

)

=1.80N/mm*

—18.02N/mm?
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Example 8 (cont.)

Solution:

A; =100 X 10 = 1000 mm?

y; =(53-10/2) =48 mm

A, = (53 - 10) X 10 = 430 mm?
Y, =(53-10-43/2)=21.5mm

CVXAY, 25x10°x(1000x48+430x21.5)

Tp = - =21.49N/mm”
It 6.66x10°x10
A=53.5 X 10 =535 mm?
y =(107/2 + 107/4) = 80.25 mm
3
o _VAY_25X10°x535x8025 |0\ s

It 6.66x10°x10



Solution:

160

- oowutmmy
Example 8 (cont.)
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