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Well-posed Problem

Given 1nitial value problem (IVP)
y=fxy), va=n (1)

Lipschitz condition:

[fx.y) = Axy*)I<Lly — y*|
where L is Lipschitz costant

If 7 1s any given number, there exist a unique solution y(x) where y(x) is continuous and
differentiable for all (x,y) in domain D and fulfill Lipschitz condition.

Using mean value theorem

of (x,y
15) 1) = L -y
So we choose /é
%k
L= sup |52 Y
(x,y)eD 5y

An 1nitial value problem that has a unique solution and is stable is called well-posed. If f{¢,y) is
continuous and satisfied a Lipschitz condition, then the IVP is well posed.
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First-order initial value problems : single step methods e

Euler method

Generally, n-order ODE has the form
d"y
dt"

where y 1s function of single variable ¢ and » is +ve integer.

= y(n) = f(ta 2 y(3)>' ' °’y(n_1)) V'EfLy), ast<sh, Wa)=a,

If initial condition 1s given, y(=a)=y,, where a and y, are given constants, then it become
first-order initial value problem.

Euler method Faerhy= frnl 0y 2 70 L S e
. 1! 2! n! "
Taylor’s series at r=a
B y'(a) yn(a) 5 y(n) (a) . ~ y(n+1)(0 ) .
y(t)—y(a)+ 1! (t_a)+ 2! (t_a) +---+ n! (t—a) +Rn Rn—m(f—a) , a<@t<x.

Let y =f, t=a, t,,,=t, h=t-a, and truncated the series after the second term, for 7—0, we get

YVin =V T hf(tivyi) + O(hi), YVin BV T hf(tivyi)- <=-- Basic Euler formula, First order

ST . “Truncation error _
> O(h?)=Some finite value x A?

“Big 0~ nOtatiOH_)O(g (t)) \\Some finite value x g() |O(h?)|<Mh?|

Definition: f{x) has order O(g(x)) as x—a , if and only if |f{x)|<M|g(x)| for |x-a|<d, where 0<M<oo, 6>0.
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Example:

o if f(x)=6x*-2x3,
f(x) has order O(x*) as x—o0 , f(x) has order O(x?) as x—0. 6x*-2x3>+5 has order O(1) as x—0.
s (nt+1)?=n?+ O(n)+0O(1).

* (n+1)/n? has order O(1/n) , 5/n+e™ has order O(1/n) as n—o.

E.g. initial value problem:
y'=y-£+1,0 <t <1, y(0)=0.5 V'=fty), ast<h, y(a)=a,

Let 7 =0.2, y,=0.5, we get (here use 7 decimal places, D.P.)

The exact solution is y(¢£)=(¢+1)?-0.5¢", \
Time, t; Approx,y; Exact, y(z,)

0.0
0.2
0.4
0.6
0.8
1.0

0.5

0.8
1.152
1.5504
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First-order initial value problems : single step methods

0.5

0.8292986
1.2140877
1.6489406

Euler method

Y(Xis1)
2 .
yi+1:yi+hf(ti’yi):yi+h(yi_ti +1)7 i=0,---4. »(x)
dy/d=ft,

Absolute error, Y f( y)
(@)-yil
0 .

*48.4 & 48.0 have one decimal place
0.0292986 «0.00001845, 0.0001845 and 0.001845 all have
0.0620877 4 significant figures or digits.

*4.53 X104 4.530X10%,4.5300 X 10* have
0.0985406 3, 4 and 5 significant figures.
0.1387495

1.98848
2.458176

2.1272295
2.6408591

0.1826831
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First-order initial value problems : single step methods

Taylor method — higher order one step method

Taylor’s series at r=a V'=£ty), alt<h, y(a)=«,

" (n) n+l
y(t) = y(a)+y( )( —a)+2 (a)(t—a)2+---+y (a)(t—a)"+R. R =2OD G acgian
I! 2! n! " (n+1)!

Let y =f, t=a, t,,,=t, h=t-a, and truncated the series after the second term, for 7—0, we get
Vi = VA W) A Y (6 5), + O, iy = v+ W o y) + B (Vo T4 1),

Second - order Taylor method

E.g. Consider IVP dx ¥

+ SIS X . X
dt ! f(f,J’)=1+7

— L) %_%:1(“1]_1

1
Exact solution: x(?)=t(1+In 1) P
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First-order initial value problems : single step methods

Second-order Runge-Kutta Method y'=f(t,y), a<t<b, y(a)=q,

Assume

e+ h}?_ 0 =a.f(t,y)+a,f(t+a,,y+6,/(t,y)) Higher dimension Taylor expansion

fta b= o)+ DI+ LD+ D [F ]+ R,
We get n
& D, =[al vl | R =— D, [f(x+0a,y+0.0)]
ox Oy (n+D!
f(t FALy+ Ay) _ f(t,y)+ {At 8f(att,y) Ay 8f(gt,y)} 0<6,<1,0<0,<l.
y

(8cf /(&) |y S Em) () f(Em) } 2
" { 2 or’ + Aty otoy o 2 oy’ O(At )
Second order Taylor method

We+h)=y+hf 3+ B % f(63), +O0), ye+h)=y+hf @, 9)+ 50 (V+ V. f)

(e +h)-y()
h

=a1f<z,y>+a{f<t,y>+azalwzf(t,y)@ml}
ot oy

=a,f(t,y)+a,ft+a,,y+6,1(ty)) R = {af%—k a252f(l‘,y)azj;(§’n) n 522f2(t,y)%€’77)} _ O(hz)
¢ toy

—_—

3 Eqs with 4 unknown leads to
- of f _ a,ta,=1 non-uniquely solution.
=la+a)ley)+ aa, o Tt (6 )5 +ak a,o,=h/2 undetermined systems

a,0,=h/2  —a,=6,=h/(2a,)

—_—
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First-order initial value problems : single step methods
Second-order Runge-Kutta Method  y'=f(t,y), a<t<b, y(a)=q,

Mo.diﬁe.d Euler method a,=0, a,=1; a,=8,=h/2
(Midpoint formulae)

h
yE=y, +5f(ti’yi)’

Yin =V +hf(ti +%9y*)'

Improved Euler’s formula a=a.=1/2 - a=8=h
(Heun method) b R E.g. Consider IVP

1
yi+lzyi+_(K1+K2)

2 B 142 (12r<6), 2(1)=1.
K1 :hf(tiayi) di t

K, =hf(t.+hy, +K,)
Exact solution: x(¢)=t(1+In 1)

Optimal RK2 method 4 =1/4, a,=3/4; a,=5,=2h/3
1

Yin B +Z(K1 +3K2)

K, :hf(tiayi)

2 2
K, = hf(ti +—h,y, +—K1j
3 3 Yook SH 7



ocw.utm.my

First-order initial value problems : single step methods
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Classical fourth-order Runge-Kutta Method (RK4) y'=f(x,y), a<x<b, y(a)=¢,

RK4 is given
Yeethys y(x) +1/6[ ky+2ky+2ksth,] +O(h%)
ki=hf(x.), ky=hfix+ "ohy+ /2 ky), ks=hflxt V2 hy+ 72 ky), ky=hfix+h,y+ks)

Note: calculation of higher derivatives of y(x) is not required.

Second-order Runge-Kutta (RK2) method (Heun’s method).
Y(xth)= y(x)+ [ ki +O(R)
kl th(x,y), k2:hf(x-|_h9y+kl)

e.g. V'=f(x,y)=-2x3+12x?-20x+8.5, with step size /=0.5 and initial condition y(0)=1,

Find y(-0.5) using RK2 and RK4. exact answer: y(x)=- % x*+4x3-10x2+8.5x+1.3(-0.5)=-6.28125.

RK2:  k=hf(0,1)=(-0.5)[-2(0)+12(0)2-20(0)+8.5]=-4.25, (here, h=-0.5)
ky=hf{0-0.5,1-4.25)= (-0.5)[-2(-0.5)3+12(-0.5)2-20(-.5)+8.5]=-10.875.
Answer: y(-0.5)=p(0)+ Y[ k,+h, =1+ [-4.25-10.875]=-6.5625.  &=-4.5%.

Yeak SH 8
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Ordinary differential equations (ODEs)

First-order initial value problems : fourth-order Runge-Kutta method (RK4)

RK4:  k=hf(0,1)=(-0.5)[-2(0)3+12(0)2-20(0)+8.5]=-4.25, (here, h=-0.5)
ky=hf(0-0.5/2,1-4.25/2)= (-0.5)[-2(-0.25)3+12(-0.25)2-20(-.25)+8.5]=-7.140625,
k=hf{0-0.5/2,1-7.140625/2)= (-0.5)[-2(-0.25)3+12(-0.25)2-20(-.25)+8.5]=-7.140625,
k,=hf{0-0.5,1-7.140625)= (-0.5)[-2(-0.5)3+12(-0.5)2-20(-.5)+8.5]= -10.875.

Answer: (-0.5)=p(0)+ 1/6[ k+2k,+2k;+k,]=1+1/6 [-43.6875]=-6.28125.—>  £=0%.

Note: RK4 produce exact solution since true solution is a quartic. The fourth-order method gives
an exact result.

E.g. y'=4e%8%-0.5y, 0<x<0.5, step size (h=0.5), initial condition, y(0)=2.
Analytical solution: y=(4/1.3)[e%8%-¢"0-¥]+2e0>*, 1(0.5)=3.751521

RK4:  k=hf(0,2)=(0.5)[4e"3©)-0.5(2)]=1.5, (here, h=0.5)
ky=hf(0+0.5/2,2+1.5/2)=(0.5)[4e03(029-0.5(2.75)]=1.755306,
ky=hf(0+0.5/2,2+1.755306/2)= (0.5)[4e"3(029-0.5(2.877653)]=1.723392,
k,=hf(0+0.5,2+1.723392)= (0.5)[4€°805)-0.5(3.723392)]=2.052801,

Answer: 1(0.5)=p(0)+ 1/6[ k1+2k2+2k3+k4]=2+1/6 [-43.6875]=3.7516995 — £=-0.0048%.

Yeak SH QO
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Ordinary differential equations (ODEs)

First-order initial value problems : multistep methods

m-step multistep method for solving initial value problem:
V'=xy), asx<b, y(a)=«a,
is given
yi+1:am-1yi+ Ay2Vii T ‘+a0yi+l-m
+h[D,fx1Y1) + by )T ADSX oY1) )
for i=m-1,m,...,N-1, where h=(b-a)/N, a, and b, are constants, and the starting values
Vo= V1= Vo= Qs v oo Vi 1™ iy

When b,=0 the method is called explicit, or open. When b,, #0 the method is called
implicit, or closed, since y,,, occurs on both sides.

Adams-Bashforth — open formulas

Taylor series expansion around x; JS=x0p))

S S S S
=i+ fh+=h"+==h+--=y. +h f+~Lh+=+h"+---
y1+1 yz f; 2 3' yz f; 2 3'

Backward difference to approximate derivative: fi= % + g h+ O(hz)
2

h fi—fi, S o, simplify B 3 1 5 y
yi+1:yi+h{f;'+§|:Tl+?h+0(h2):|+zf;+”'} --------- > Vi =Y th Ef;_aj;—l +Eh3f;+0(h4)

3 1
Vin =Y+ h(af, _Eﬁlj + O(h?), 2-step method.

Yeak SH 10
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Ordinary differential equations (ODESs)

First-order initial value problems : multistep methods

Coefficients and truncation error for n-order (open) Adams-Bashforth predictors

Vin =Y +h Z; b, f.- o + O<hn+l) ______ —--nT f,-zf(x,-,y,-)
order b, b, b, b, ] _b;— N Local truncation
error
| SHS@)
2 3/2 -1/2 %lff”(f)
3 23/12 -16/12 5/12 %h“f“)(é)
4 5524 5924 3724 =924 %hv(‘” ©)
5 1901/720 -2774/720 2616/720 -1274/720 251/720 %hé 19

Adams-Moulton — closed formulas
Backward Taylor series expansion around x;,,

4 " h , h2 .
R ym=y,-+h(ﬁ+1—5m+;ﬁﬂ+---]

Approximate 1% derivative f;, _J Hh Jiy Jin h+0(h ) hy
T 1 1 1
& =N = LS |- f —0(n)
= +h=v.+ )+ ="+ h Vit = Vi ( i+l zj i+l
Vi = Y5 +h)=y, + hy] i | y(o)m =y, +5(3f,~ _fi—l) 27" T
! h 4
v =y(x, +h=h)= y(x, + h)— hy] oy (k1) +ﬁ(f(k). 1 +f) Second order Adams-Moulton formula
“ = AL Yeak SH 1



Predictor calculate for y,° (use y, and others);
Corrector calculate for y,!, y,2,..
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Ordinary differential equations (ODEs)

First-order initial value problems : multistep methods
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Coefficients and truncation error for n-order (closed) Adams-Moulton correctors

n-1 n
Yin = Vi +hz b fz+1 k +O<h +1) _____ - JEf(xny))
order b, b, b, b, b, Local truncation
error
1 1 _L 3 rn
2 Y5 ) 12h f(&)
3 5/12 8/12 112 —ih“f‘”(é)
4 9/24 19/24 -5/24 1/24 720 B fAE)
5 251/720  646/720  -264/720 106/720  -19/720 o B £O&)

Fourth-order Adams method (requires 4 previous values)

m m 37 m 9 m .
[ e R/ ey ,-3j E==> Predictor can be used alone!

m_ S em L oom
( fH—l _fz 24fi—1+24fi—2j
where j=iterat10n—1 ,2,. .

Predictor: =

Corrector: y/, =

E | =

a

Jo_4,J1
yi+1 yi+1
J
yi+1

-100%

Iterations terminate on approximate percent relative error, &,

get ,0 (use y,” and others);

., ¥, (m iteration); get y,!, v,2,..., y,". (m iteration);

j& iteration
i+1
N node
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Ordinary differential equations (ODEs)

First-order initial value problems : multistep methods

Eg. y '=4e"'8"-0-5y, 0<x<4, step size (h=1), initial condition, y(0)=2. Previous values can be approximated
Analytical solution: y=(4/1.3)[e%8%-¢"0-¥]+2¢°0>%, by Runge-Kutta method or Taylor series.

here we use analytical solution to compute exact values at
X3=-3,x,=-2,x,=-1, with y ;= -4.547302, y ,= -2.306160 & y_,=-0.3929953.

V= F(xv))=fo= [ = £(0,2)=3, V', = f(x,y.,) = f" = f(~1,-0.3929953) =1.993814.
V= (. y,)= 1= f(=2,-230616) =1.960667, ¥, = f(x_,, )= [ = f(~3,~4.547302) = 2.6365228.

By setting number of iterations, m=1, we get
Predictor: Second order Adams-Moulton formula

55 59 37 9
0: m+h Y m 27 m+_ m _ 7 rm
W=y Hh S S o S I I

=2+1 E3—£1.993814+3—71.960667—22.6365228 =6.007539.
24 24 24 24

h
y Vi3, + 561 - 1,.)

y(k+1)i+1 Ry +§(f(k)i+1 +ﬁ)

True percent relative error, g =(truevalwe-approx)/ - X 100%=3.1%

Corrector: pem T e

| 9 19 5 ]

So=yl b — e e — BRI A L

yH—l yl [24 i+1 24](; 24 i-1 24 l—ZJ - ( )

9 p 9 p 5 p . p 10 = F(x,0°) = £(1,6.007539) = 5.898394.
=y +hl —f+—f-— T+ —

N = Yo T S e T o Tyl Ty

=2+1 i5.898394+E3 —i1.993814+i1.960667 =6.253214.
24 24 24 24

Y'(x) . Y"(x)
. h) = h h
§=-096% [—> improvement R T

Yeak SH 13
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Ordinary differential equations (ODEs)
First-order initial value problems : single step methods
Improved Euler method — Heun’s method (Predictor-corrector method)

1 t,y), is the average of t rivatives. 1
Slope ,f(z,)), 1s the average of two derivatives y,-+1zy,-+§(K1+Kz)

' 0
yi:f(ti’yi)_) yi0+1:yi+hf(ti’yi) y;+1:f(ti+19yi+1) K1=hf(ti,yi)
Average Slopes. 7 = Vit Via _ f(ti’yi)+f(ti+1’yi0+l) K2 = hf(fi + h,yl. +K1)
) 2 2
0
Explicit form: Y=+ h=y 4L (ff’yf”zf st v, +§(f(z,.,y,.)+ Sty + 0 (0,3,))
i - . Ay 0

Predictor-corrector approach form: dope=flt) Ve

. 0 \
Predictor: Vi =V, +hf (tl., yi)

V(i)
0

Corrector: Vo =y + f(ti’yi)+2f(ti+1)yi+l)h »(t)

Predictor 1s basic Euler method

Yeak SH 14
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Ordinary differential equations (ODEs)

First-order initial value problems : single step methods

Improved Euler method — Heun’s method (Predictor-corrector method)

y(x=1)=?

E.g. y'=4e%8-0.5y, 0<x<4, step size (h=1), initial condition, y(0)=2./
Analytical solution: y=(4/1.3)[e0-8%-¢"0-*]+2¢0-> _Standard Euler method

L
Slope at (x,,v): Vy=4€’-0.5(2)=3  predictor—»>  y, =y, + lf(xo,yo) =2+3(1)=5

(1 iteration) corrector— .
0 0.8)1 _
V=Yt f(xoayo)+ f(xpyl )h -9 _|_1f(0,2)+ f(l,S) oy 3+4e : 0.5(5)1 ~ 6701082, (¢, = -8.18%)

2
. truevalue — approx
True percent relative error, ¢, = PPTOY 100%

truevalue

(2 iteration) corrector (ylo <)) -

o £(0,2)+ £(1,6.701082) L 4e*M —0.5(6.701082)
=

y =2 1=6.275811. (¢, =-1.31%)
2 2
(3 iteration) corrector (V, < ¥)) —
(08)
=241 £(0,2)+ f(21,6.27581 1) _ 5, 3+4e (;.5(6.27581 D _ 6382120 (6. =—3.03%)
Wmy f(xo,yO)Jr f<xl,ylo)h Normally, we use 3 or 4 D.P. in calculation!
1 =0
2

Repeat the iteration Yeak SH 15
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Ordinary differential equations (ODESs)

First-order initial value problems : single step methods

Improved Euler method — Heun’s method (Predictor-corrector method)

Iterations of Heun’s method

Y.~y Jrl(K1 +K,) Iteration =1 Iteration = 15 Normally, weuse

2 3 or 4 D.P. in calculation!
Ky =hf(t.5,) Vi Voror 18] %) Vooor |8l (%)
K2=hf(ti+h,yl.+K1) 9 o) 0 o) 0

6.1946314  6.7010819  8.18 6.3608655 2.68
14.8439219 16.3197819 9.94 15.3022367 3.09
33.6771718 37.1992489 10.46 34.7432761 3.17
75.3389626 83.3377674 10.62 77.7350962 3.18

A W N = O =

Do rw o [dv=[" rwas

Vi
Trapezoidal rule for integration

[ pogas= L OI Gl Ty e

2 Vin TV = LM SX)dx >y, =y, +LM S (x)dx

f(xi)+2f(xi+1)h+0(h3)\_\

> V=)t -
~ Local error

Heun’s method is second order since second derivative of ODE is zero. Local error is O(/43).

Propagated truncated error results from the approximations produced in previous steps. The sum of two is
Global truncation.error. Yeak SH 16
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Ordinary differential equations (ODEs)

Systems of first-order initial value problems
Standard form for a system of first-order ODEs is:

!
xlzfl(taxlaxza'“axn) X| =X

dt
, —
X5 —fz(t,xl,xz,---,xn)

,_ )
X, —fn(t,xl,xz,- ,xn)

Example of system of first-order ODEs is given:
x'=x+4y-¢’ , y'=x+y+2e'.

The general solution is
x=2ae*-2be’-2¢" y=ae’+be'+1/4 ¢,

where a and b are arbitrary constants.

If the system were given initial conditions
x(0)=4,  y(0)=5/4,
Then the particular solution would be

x=4e3+2e'-2e! , =2e3-¢+1/4 €.
Y

©UIM
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Ordinary differential equations (ODEs)

Systems of first-order initial value problems

Let X denote column vector whose components are x,, X,,..., x,. These components are functions of z.
And let F denote column vector with components f,, f5, ..., f,.

& A X A
x 4 x
X=|"2|F= fz systemof ODE— X'=F(t,X) < | ¥ 2 |= fz _
d
R _f;1_ _Exn_ _f;1_

e.g. convert the initial-value problem

(sint)y""+cos(ty)+sin(£+y")+()')*=Int

y)=7,  y'(2)=3, Y'(2)=4,

into a system of ODEs.

Solution: introduce new variables x,;,x, & x5 as: x,=y, x,=)', and x;=)". The system of ODEs
for X=[x,, x,, x;5]7 is

x,"=x,, X, =x3,  x3'=[Int-x,3-sin(#>+x;)-cos(tx,)]/sint,

with initial conditions at =2 are X=(7,3,-4)7.

!

X, h 2
X' = xz = F = f‘2 = X3
X, /s [lnt —x; = sin(t2 + x3)— COS(tXIﬂ/ sint

Yeak SH 18
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Ordinary differential equations (ODEs)

Systems of first-order initial value problems

e.g. convert the problem
(x")>+ter+y'=x"-x, y'y"-cos(xy)+sin(tx'y)=x.
into a system of first order ODEs.
Solution: introduce new variables as: x,=x, x,=x’, x;=y and x,=)'". The system of ODEs
for X=[x,, x,, x5, x,]7 is '
X=X
X, = (x2 —Xx, —x, —te” )/2
X3 =X,

x;, =[x, —sin(rx,x; )+ cos(x,x, )/ x,

Taylor series for column vector of X can be written as: X'O) =% F (f , X )

X(t+h)=X(@)+hX'(t) +%2'X"(r) + h?jX@)(t) T * (0, X0,

2

! h 14 .
X(t+h)=X()+hX'(t)+ 5)( (t)+ O(h’)<----Second-order Taylor series method

X(t+h)= X +hX'(O)+Oh* )< First-order Taylor series method

First-order Taylor series or Euler method for system of ODEs, X'=F(z,X) is
X(t+th)=X(t)+hF(t,X)
Yeak SH 40
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Ordinary differential equations (ODESs)

Systems of first-order initial value problems

Example of system of first-order ODEs is given:

x'=x+4y-¢’

, y'=xty+2e.

with initial conditions, x(0)=4, y(0)=5/4. Calculate x(0.2) and y(0.2) with Euler method.
The particular solution is given x=4¢3+2e*-2¢, y=2e3-¢*+1/4 €. x(0.2)=6.483131, 1(0.2)=3.130858.

Here, 7=0.2.

X(0+h) = X(0.2) = X(0)+ hF(t =0)

{xm} N {x(O)} N 0‘2{4+ (%) —eO} _ {4} N 0.2{ 8 } _ {5.6}
Yo2 y(o) 4+ % +2¢° % 7.25 2.7

The error vector, E is given as:
E=trues value-approximate values=[6.483131, 3.130858]-[5.6, 2.7]=[0.883131, 0.430858]

The size of error vector can be measured using different norms as below:

Euclidean norm: ----------- S|
P28 111) 3 (| —— S
| B111) ¢ 11 L ——— >
Maximum-magnitude ----- -

or uniform-vector norm:

E

E
E
E

=D 2 =/0.883131% +0.430858> =0.9826
p - @i—l

=2 le]=(0.883131/+]0.430858) =1.313989
= max|e,| = max (0.883131,[0.430858]) = 0.883131

0 1<i<n

/p

el.\")/p = Qo.883131\p +\o.430858\")'

5

Xo — Xouo — X
Error:_0(0.1%)__0(0.12)

Yerror=const <X 0.02

Xo — Xoa

Error:_0(0.2%) Yerror=const X 0.04

, d
F :%zF:_

| X +4y' e
x'+y'+2¢

©UIM

USEFE PR TR

x+4y—é'
x+y+2e

| Sx+8y+6e
2x+5y+3e
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Ordinary differential equations (ODEs)

Systems of first-order initial value problems

Let X denote column vector whose components are x, x,,..., X,. These components are functions of z.
And let F' denote column vector with components f, /5, ..., f,.
The classical fourth-order Runge-Kutta (RK4), in vector form, for system of ODE are:
X(t+h)=X(t)+1/6(F | +2F,+2F;+F,)+O(h%)
where
F\=hF(t,X), F,=hF(t+%h Xt%F)), Fs=hF(t+%h X+%F,), F,=hF(t+th X+F}). X'=F(t,X)=

fl]
: S
Previous e.g. : x'=x+4y-e’, y'=xty+2e'.

with initial conditions, x(0)=4, »(0)=5/4. Calculate x(0.2) and y(0.2) with RK4. Try

The particular solution is given x=4e3+2¢"-2¢’, y=2¢€%-¢'+1/4 ¢€'. x(0.2)=6.483131, (0.2)=3.130858.  RK2 Heun
Here, 71=0.2, =0.

X=X(t=0)={4}, F(t,X)={4+4(%)_eoo}={ i } Flth(t,X):O.Z{ ;i }2[1'6}
Y 4+ +2e 7.25 725|" | 1.45

X

i+
K, =hF(t,X,)

4 1.6 48 4.8+4(1.975)— "] [2.318966 _
F,=hF(t+ % h,X + 4F)=02F| 0.1, = 0.2F| 0.1, _ o #BHALITme K,=hF(t,+h,X,+K,)
| 1.45 1.975 4.8+1.975+2¢" 1.797068

(2318966 ) _ ) of o[ 51594831 _ 5| 5159483+ 4(2.148534) " | _[12.52969
%] L1797068 ) T U7 2.148534 ) 7] 5.159483+2.148534+2¢™ | [1.903672

2.52969 j _ O.ZF(O.Z,{ 6.52969 D o 2{6.52969 +4(3.153672) - e“} _ {3.584595}
1.903672 | 3.153672 6.52969 +3.153672 + 2¢** 2.425234
4} ( 1.6 } {2.318966} { 2.52969 } {3.584595D {6.480318}

+ % +2 +2 + = :
A 11.45] 7] 1.797068 | 7[1.903672 | | 2.425234 ) |3.129452
Error vector, E=[6.483131,3.130858]7-[6.480318,3.129452]7=[0.002813,0.001406]".
Maximum-magnitude norm, ||£]|,=max(|0.002813|,/0.001406])=0.002813. RS

<X+ K+ K.)

X
+
[N

S
+
N

F,=hF(t+)h, X + 4F,)= 0.2F(0.1,

X

4
F,= hF(z+h,X+F3): O.ZF(O.Z, {7}_
4

1

X(0.2)=X(0)+ %(F, +2F, +2F, +F4):{
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Ordinary differential equations (ODE-s)

Systems of first-order initial value problems

Exercise: d'y dy 5 fl
dx’ 2dx+y_2x : X'=F(,X)=|

i

Exact solution: ae*+bxe*+2x2+8x+11.

Initial value problem: y(0)=1, y'(0)=2, ;rpilzuzienl?n

y=—10&"+4xe*+2x>+8x+11.
X, ~X, +%(1<1 +K,)
K, =hF(t,X,)
K, =hF(t.+h X, +K,)
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