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4 By the end of the notes:

The students are expected:

e To understand the Minimum Potential Energy theorem used to solve FEM
problems
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1= %QTKQ—QTF

The theorem states that:

“..0f all the displacements that satisfy the boundary conditions of
a structural system, those corresponding to equilibrium
configurations make the total potential energy to assume a
minimum value...”
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1--0'kQ-Q'F

Assuming that we have 2 / \ / \ / \
element, 3-noded finite k k k F
element model: Ql 11 12 1 1

Q= Q2 K = k21 kzz k23 B = Fz
\Q3) \k31 k32 k33/ \F;S/
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Assuming that we have 2
element, 3-noded finite
element model:
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Minimum Potential Energy Theorem

1= %QTKQ—QTF

T T

| Q1 ku k12 k13 Q1 Q1 E
= E Qz k21 kzz k23 Qz - Qz F 2
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=E( o 0 0O ) ky  ky o ky 0, _( 9 9 O )

ks ks ks 0,
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1= %QTKQ—QTF

Assuming that we have 2 -(QlkllQl +0,k, 0, + Q3k31Q1)
element, 3-noded finite 1

element model: IM=— +(Q1k12Q2 + szzzQz + Q3k32Q2) - (Q1E + Q2F2 + Q3F3)
_+(Q1k13Q3 + Q2k23Q3 + Q3k33Q3) .
(alkllal +Q,k,,a, + Q3k31a1) -

Introducing Boundary [
Condition

> = % +(a1k12Q2 +0,k,,0, + Q3k32Q2) - (QlFl +Q,F, + Q3F3)
+(ak0; + 0ok 0y + 0k 0; ) |
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1--0'kQ-Q'F

Assuming that we have 2
element, 3-noded finite i

element model: . (@kija, +Qsky1a, + Qskyya )
I1= 5 +(a1k12Q2 +0,k,,0, +05k1,0, ) |- (a,F;, + O, F, + O;F,)
Introducing Boundary +(ak30; + 0ok, 0, + 03k,0; ) | Why 272
Condition (kya,)
Q1 - a, jg =% +(alk12 +2k,0, + Q3k32) - (F2) =0 k12 i kzl
+(k»03) ] S kyy =k,

Sk Q, +kyy Oy = F, - kyya
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1--0'kQ-Q'F

Assuming that we have 2
element, 3-noded finite i
element model: 1 (arki , + Qokoity + Ok,
1= 5 +(a1kl2Q2 + 0,k 0, + Q3k32Q2) - (a1E +O,F, + Q3F3)
Introducing Boundary -+(a1k13Q3 + 0ok 0; + 0:k,0; ) |
Condition (kya,)
dil 1 ok =
_ - e (ka02) ~(F)=0 ki =K,
Ql =d, g, 2 ok =k
_+(a1k13 + 0,k +2k33Q3)_ - o3 = A3y
dIl :
—=0;1=2,3 k0, +k 0, = F, -k,
dQ,
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Assuming that we have 2
element, 3-noded finite
element model:

Introducing Boundary
Condition

0 =q
ﬂ =0;i=2,3
dQ,
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Minimum Potential Energy Theorem

1= %QTKQ—QTF

kyQ, + k0 =F, -k, q,
ki, Q, +k30; = F; —ky

_ kzz kzs 0,
h k32 k33 0,

F, -k, a,
F;, -k a
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Assuming that we have 2
element, 3-noded finite
element model:

Introducing Boundary
Condition

0 =q
ﬂ =0;i=2,3
dQ,
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Minimum Potential Energy Theorem

1= %QTKQ—QTF

S KQO=F
_ ky ks 0, _ F, -k, aq
ki, ki 0, F; - k3 q,
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Assuming that we have 2
element, 3-noded finite
element model:

Introducing Boundary
Condition

0 =q
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Minimum Potential Energy Theorem
1--0'kQ-Q'F

To simplify the problem, let’s assume
node 1 is constrained

Q =a,=0

: ky Ky 0, B
R ky, ks 0, i

i IR
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1--0'kQ-Q'F

The method is also
called elimination

method KQ=F

/ VoA ) (e )
Introducing Boundary ki ko ks O, K
Condition ky, k,, ky 0, |=| F,
Q1 = al = O \ k31 k32 k33 / \ Q3 / \ F;, )
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1--0'kQ-Q'F

The method can also
called elimination

method KO=F

[ I I- ) ( N \ ( ' \
Introducing Boundary —k—kr—n =4| e
Condition k| k,, Kk 0, |=| F,
Q1 =da, = 0) \ k31 k32 k33 ) \ Q3 / \ F;,
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Example

The plate given the the figure has a uniform
thickness of 1m, Modulus elasticity of 210GPa and
a density of 8,000 kg/m3. The plate is subjected to
a point load, P=100N at its midpoint and also to its
self-weight.

Assuming the plate consists of two elements,
calculate:

* The global displacement vector, Q
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Example

The plate given the the figure has a uniform
thickness of 1m, Modulus elasticity of 210GPa and
a density of 8,000 kg/m3. The plate is subjected to
a point load, P=100N at its midpoint and also to its
self-weight.

The global load vector, F
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; 247212
|< N Wy F=| 523792 |N
AN = -] 176.58
NN 1&\\}\\\\%&
1
]O.lZm The structural stiffness matrix, K
Q,
o[ 00525 -00525 0
k=210 50505 009 —00375
a 0.12m 0.12 0  -00375 00375
3
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4 ’ | oW Example

RRD00C ey
QE 1W% The plate given the the figure has a uniform
Q, thickness of 1m, Modulus elasticity of 210GPa and
@ 0.12m a density of 8,000 kg/m3. The plate is subjected to
2 _.Qz a point load, P=100N at its midpoint and also to its
self-weight.
@ YP I 0.12m
W, 3 Q, The global displacement vector, Q
€ ? > (Using the elimination method)
' KO=F
Rigid Support ]
Q =0 210x10° WS 08375 > [ 523,
| 0. . -0. 0, |=| 523.792
0.12 ¢ foo3rs 00375 || o 176.58
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Rigid Support

Q1=O
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Example

The plate given the the figure has a uniform
thickness of 1m, Modulus elasticity of 210GPa and
a density of 8,000 kg/m3. The plate is subjected to
a point load, P=100N at its midpoint and also to its
self-weight.

The global displacement vector, Q
(Using the elimination method)

210x10° (009  -0.0375 || & |_[ 523.792
0.12 | -0.0375 00375 )| O, 176.58

0, 7.623
= nm
10.314
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You are expected to be able:

e To understand the Minimum Potential Energy theorem used to solve FEM
problems
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