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4 By the end of the notes:

The students are expected:

e To assemble the stiffness matrix and load vector for a beam element
* To assemble the global stiffness matrix for a beam structure
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Beam Analysis

In FEM, we are interested mainly in:

1. Loading condition

% %) W 2. Displacement, q

3. Stiffness matrix, k

Distributed load, p (N/m)
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Beam Analysis

y
P P
(TITI] [ ) ™
Eﬂ I - X In FEM, we are interested mainly in:
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d 1. Loading condition
% %) W 2. Displacement, q

3. Stiffness matrix, k
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Concentrated load, P (N)
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4 Beam Analysis
P

CTTTI] (™
I - X In FEM, we are interested mainly in:

1. Loading condition

> 2 D0 2. Displacement, q

3. Stiffness matrix, k

Concentrated moment, M (Nm)
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Beam Analysis

In FEM, we are interested mainly in:

1. Loading condition

;, 7 W 2. Displacement, q

3. Stiffness matrix, k

Deformation along neutral axis:

v=vertical deflection
v’=rotation or slope
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7’ | FEA - Beams

y
P P
M
c -« e Each node has 2 degrees of
S ) S ,__} _____ 1__s freedom
o T N .
m * Oneisthe transverse

, k # displacement
/ 7 72//;/:;///% * The other is the slope or

L rotation
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Element Analysis
(Beam element)
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Beam Element

Note: All directions shown
produces positive deformations

?3 Qa Natural Coordinate:
+v> For a 2-noded beam element, we
2 assume:
)| x, =>&=-1
X, =>&E=+1

-]
R

Similar to 1-D bar element
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7’ | Beam Element

d: v ds
| Shape Functions:
v q
ol 5
( + o +  Beam element has 4 degrees of
1 2 freedom
I X e Appropriate to sue cubic function
>| | to describe displacement field
I( - > Displacement field:
S_3E+2
Hl:(gf) T
3 g2 v="H,q, +--1,q, +1q;+—-11,9,
Also known as H, = 3 ‘34 ‘SH) 2 2
Hermite Shape
Functions o _&’ +3§+2)
3
4
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% Beam Element
d: v ds
| Shape Functions:
0! A O
( + o +  Beam element has 4 degrees of
1 2 freedom
I X e Appropriate to sue cubic function
I( >| | )| to describe displacement field
Slope:
v,=%(3§4—3)%+(3§ —425—1)q2+%(—3§4+3 q3+(3§ +42§—1)q4
q,
ol 2 357 -3) (38°-25-1) 2(-38%+3) (3&°+2&-1 9,
L\ 4 4 L\ 4 4 g,
q.
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Potential Energy Approach: H — U 4 Q

N

Strain Energy Work Potential
A

A
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Beam Element

For beam

1
element 1= _Elf
2

2
d—z‘;) dx—fpvdx—Evam—EM,{V}C
dx 3 ~ -
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Beam Element

Element Stiffness Matrix, k
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For beam element, the element
strain energy is given as:
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Beam Element
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ds
T a Element Stiffness Matrix, k
i For beam element, the element

strain energy is given as:
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Beam Element

Element Stiffness Matrix, k

For beam element, the element
strain energy is given as:

U, = 5ta)" B[ B {B)dE )
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Beam Element

Element Stiffness Matrix, k

For beam element, the element
strain energy is given as:

U.-+af Et‘f s 8) (Blagla)

{BHat={a} {B}
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7’ s ) Beam Element

J{B} {B}as
65
Ll 2, (35-1)
=J: 6 ( 65 1, (35-1) -6& 443§+1))d§
[,(35+1)
36€° 6E(3E-1)1, 368 6E(3E +1)1,
L 6E(3E-1)1,  (BE-1Y12 —6E(3E-1)I, (3E-1)(3&+1)1 .
‘}f _36E? ~6£(35-1)L, 3682 —6£ (35 +1)L,
6E(3E+1)L, (3E+1)(3E-1)2 —6E(3E+1)l,  (3E+1) 1

24 121, =24 12
121, 81> -121, 4l
24 -121, 24 12l
121, 42 -121, 8
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4 Beam Element
24 121, =24 12,
1 r EI'l 121, 813 ~121, 413 Element Stiffness Matrix, k
V=514 20| 24 -120 24 -121 9}
12, 47 -121, 8’ For beam element, the element
i strain energy is given as:
U, = E{q}T k, {q}
1 ofdvY
: V
oLt
(12 6L -12 6 ) 2 dx,
, _EI 6/, 41> -61, 20
P -12 -6L 12 -6l
2 2
\ 6l, 20 -6l 4l /
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4 | Beam Element
P Load vector: Distributed load, p
A |
i i f pvdx
|< ]
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7’ | Beam Element
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Beam Element

Load vector: Distributed load, p
pvdx
eH ){q} d&E f
L
Ji
5 {f}= pl, pl pl _Plez
_PL {q) ; > 12 2 12
12 1
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Beam Element

Load vector: Distributed load, p
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Assembly of Global
Stiffness Matrix




®GUTM OPENCOURSEWARE

4 Global Stiffness Matrix
p
y Assemble the global
/ % | A A | stiffness for the beam
/ structure given using 2
///////;2 beam elements.
L 7770 L _ Element Connectivity Table
|( Element Nodes

@ 1 2
2 3
+ : 1 &
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Global Stiffness Matrix

Y
|( o %/%
Q, Q, o
Q, | Q 1 % 1
(! & &
1 2 3

Assemble the global
stiffness for the beam
structure given using 2
beam elements.

Element Connectivity Table

Element Nodes

@ 1 2
@ 2 3
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% | Global Stiffness Matrix

* Problem consists of 3 nodes, each with 2 degrees of freedom
* Therefore, stiffness matrix size is 6X6

1 2 3 4 5 6
(ky ky ky ke ks kg |
ky ky ky ky ky Kk -
K= E Ky Ky ko Ky ks kg ’
| k, k, ks k, k. k, 4
ksy Ksy ksy ks ks Ksg ’
\ ket ke Koz key Kgs ks ) °
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Global Stiffness Matrix

|( ] 0 ?%if///%

Q, Q, a,
Q, 1 Q 1 Qs 1
(t & -

Assemble the global
stiffness for the beam
structure given using 2
beam elements.

Given:

12 6, -12 6l

EIl 6L 4 -6l 28
P -12 -6l 12 -6l
6, 20> -6l 4l
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4 | Global Stiffness Matrix

1 2 3 4
ky ko ks ki |1
- ky ky ky ky | 2
L ky ky ky ky |3
ky ky kg ky |4
T
12 6L -12 6L| ks K, 12 6, -12 6,
6L A2 —6L 2I*| ky Ky o - 6, 4l -6 2
K 12 -6L 12 -6L| ky, ki L 6112 26; _1621 46;
L\leL 20 -6L 4| k, k, ¢ T ¢« e
ksi ks Ks3 ks Kss ks
k6 1 k62 k 63 k64 k65 k 66

innovative @ entrepreneurial @ global ocw.utm.my




©UIM OPENCOURSEWARE
4 Global Stiffness Matrix
1 2 3 4 3 4 5 6
k, k, k5 k, |1 ky ko ks ke |3
EIl ky ky, ky ky |2 o Bl ke Ky Kis ke | 4
kl=_ 2 3 5
I ky, ki, ky o ok, 3 L' kg ksy ks kg
ky, ky, ki ky 4 Ks Koy Kes  Keg 6
12 6L  -12 6L 12 6l -12 6L
6L 4I°  -6L 212 61, 4l -6l 2
3
EIl =12 -6L | 12412 —6L+6L -12 6L Lo 12 ‘6ie 12 ‘6ie
" | 6L 20 |-6L+6L 4’ +4I* k. 2L Ol 20, -6l 4
k, ko, | -12 6L 12 6L
ko, ke 6L 2L 6L 4L
1
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4 | Global Stiffness Matrix

1 2 3 4 5 6

(12 6L -12 6L 0 0O )

6l 417 -6L 2I7 O 0
EIl| -12 -6L 24 0 -12 6L

| 6L 21> 0 8I) -6L 2L
0 0 -12 -6L 12 -6L
. 0 0 6L 2I' -6L 4L"

o U B~ W N
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4 By the end of the notes:

You are expected to be able:

e To assemble the stiffness matrix and load vector for a beam element
* To assemble the global stiffness matrix for a beam structure
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